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1. INTRODUCTION 
The minimum pressure ratio for the flow to choke is 

called the critical pressure ratio. Once choked, the flow is 

no longer dependent on the pressure change in the 

downstream flow field. In this case, the mass flow is 

determined only by the stagnation conditions upstream 

of the flow passage. The critical nozzle is defined as a 

device to measure the mass flow with only the nozzle 

supply conditions, making use of the flow-choking 

phenomenon at the nozzle throat. 
In previous researches, much attention has been paid 

to the prediction of mass flow through a flow passage, 

since it was of practical importance in a variety of 

industrial and engineering fields. The mass flowrate and 

critical pressure ratio are associated with the working gas 

consumption and the establishment of safe operation 

conditions of the critical nozzle. According to previous 

researches [1-3], the mass flowrate and critical pressure 

ratio are strong functions of the Reynolds number.  
Of many kinds of working gases employed in 

industrial field, it is being recognized that hydrogen gas 

is one of the most promising gases as a future alternative 

energy source. In such an application, precise 

measurement of flowrate is of practical importance for 

mileage and power output of the vehicle. A large number 

of works [4–7] has been made to investigate the 

thermo-physical properties of hydrogen gas, which are 

specified by some different kinds of the equations of 

state, the critical pressure, the compressibility factor of 

hydrogen gas and so on. However, only a few researches 

have been made to date on the mass flowrate of the 

high-pressure hydrogen gas through a critical nozzle, due 

to difficulties of treatment. 
Recently, Nakao [8] has conducted the flowrate 

measurement of hydrogen gas using a critical nozzle, and 

has found that the discharge coefficient of hydrogen gas 

exceeds unity in a specific Reynolds number regime. He 

has vaguely inferred that this unreasonable value of the 

discharge coefficient would be due to real gas effects or 

any other measurement errors. No detailed explanation 

has been made for this abnormal discharge coefficient of 

high-pressure hydrogen gas.  
The objectives in the present study are to investigate 

the real gas effect on discharge coefficient and 
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thermodynamics properties through a critical nozzle by 

using working gases of H2, N2, CH4 and CO2, with the 

help of a CFD method and to clarify the relationship 

between mass flow rate of real gas flows at the nozzle 

throat and Reynolds number numerically. Redlich - 

Kwong equation of state [9] is employed to consider the 

force and volume effects of inter-molecules of these 

gases, and conservative equation of vibration energy is 

applied to investigate the effect of relaxation phenomena 
involving molecular vibration. It is incorporated into the 

axisymmetric, compressible Navier–Stokes equations. 

 

2. CFD ANALYSIS 
2.1 Governing Equations 

The governing equations, i.e., the unsteady 

compressible Navier-Stokes equations written in an 

axisymmetric coordinate system (x,y) are as follows : 
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For working gases of H2, N2, CH4 and CO2, Redlich - 

Kwong equation was used to obtain the compressibility 

factor as follows [9]: 
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pc, Tc and vc are critical pressure, critical temperature, 

and critical specific volume, respectively. In Eq.(2), U is 

the conservative vector, E and F are inviscid flux vector 

and R and S are viscous flux vectors. H1 and H2 are the 

source terms corresponding to axisymmetry and 

turbulence, respectively. τxx, τxy, τyx and τyy are 

components of viscous shear stress. 
In case with considering of the effect of vibration 

energy, following equation [10] are used in governing 

equation (Eq.(1)); 

 

      vvvvv

1
 














v

r
v

y
u

xt
 

(15) 

 

where 

 

v

v0v
v







             

                                                                              (16) 

  




p

T

T







K

1i i

i
v0

1exp
 

                                                                              (17) 

 
p

TC
C

31
2

1v

exp
  

                                                                              (18) 

 

i and v are characteristic temperature for vibration 

and relaxation time, respectively.  

The governing equation systems that are 
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non-dimensionalized with reference values at the 

atmospheric condition are mapped from the physical 

plane into a computational plane of a general transform. 

To close the governing equations, standard k- model 
[11] is employed in computations. A third-order TVD 

(Total Variation Diminishing) finite difference scheme 

with MUSCL [12] is used to discretize the spatial 

derivatives, and a second order-central difference 

scheme for the viscous terms, and a second-order 

fractional step is employed for time integration. 

 
2.2 Computational Conditions 

Figure 1 shows an ISO-type toroidal throat sonic 

Venturi nozzle [13] used in the present study. The radius 

of curvature at the throat of the nozzle is twice the throat 

diameter  D (= 0.5935 mm). The nozzle has a diffuser 

with a half-angle θ = 3° and a length of three times the 

throat diameter. A sudden enlargement section that is 

30D long and 30D high is connected to the exit of the 

diffuser. The nozzle inlet is located at 100D upstream of 

the nozzle throat.  

The total pressure p0 and back pressure pb are given at 

the inlet and outlet of the critical nozzle, respectively. 

Total temperature of stagnation point is 298 K. The back 
pressure pb is kept constant at 0.5p0.  The inlet total 

pressure p0 is varied to change the Reynolds number.  

Table 1 shows the ranges of Reynolds number in 

cases with vibration and no vibration.  

 

3. RESULTS AND DISCUSSIONS 
Figures 2(a), (b), (c) and (d) show relationships 

between Reynolds number and discharge coefficient for 

H2, N2, CH4 and CO2, respectively. For H2 and N2, 

present computations are good agreement with 

experimental results [14] in low Reynolds number. For 
an ideal gas assumption, the present computational 

results predict the coefficient of the discharge, which 

increases with the Reynolds number and then approaches 

a certain constant value [15]. However, the present 

computation taking into account the real gas effect is 

qualitatively similar to results obtained by Johnson [16] 

and Nakao [2]. For H2, N2 and CH4, the coefficient of 

discharge of real gas with vibration is almost the same 

result compared with that of real gas without vibration. 

However, the coefficient of discharge of real gas with 

vibration for CO2 is large compared with that of real gas 

without vibration. Unfortunately, a clear and persuasive 
reasoning for this is, at present, not known. Such a trend 

in the discharge coefficient can give rise to a significant 

error in the mass flow at high-pressure conditions. More 

studies are needed to elucidate this ambiguous problem. 

Figures 3(a), (b), (c) and (d) show the mass fluxes at 

nozzle throat in high Reynolds number for H2 (Reth = 

1,153,961), N2 (Reth = 107,629), CH4 (Reth = 100,000), 

CO2 (Reth = 90,000), respectively. As seen from these 

figure, a little difference between ideal and real gases is 

mainly recognized in the region outside the boundary 

layer and the mass flux of real gas becomes slightly small. 
It is considered that a decrease of Cd with an increase of 

Reynolds number in case of real gas in Fig.2 is due to the 

decrease of mass flux. For H2, N2 and CH4, the mass 

fluxes with vibration are almost the same result in 

comparison with that of without vibration. However, the 

mass flux with vibration for CO2 is large compared with 

that of no vibration. 

Figures 4(a), (b), (c) and (d) show the relationships 

between Reynolds number and ratio of specific heats at 

nozzle throat. Note that ratios of specific heats of ideal 

gas for H2, N2, CH4 and CO2 are constant at 1.41 (H2), 

1.40 (N2), 1.30 (CH4) and 1.29 (CO2), respectively. For 
H2 and N2, distributions of ratio of specific heats for both 

the real and ideal gases are nearly the same in low 

Reynolds number. However, ratios of specific heats of 

real gas for CH4 and CO2 are large compared with that of 

ideal gas in low Reynolds number. Further, ratios of 

specific heats decrease with an increase of Reynolds 

number in high Reynolds number. The difference 

between vibration and no vibration for CO2 is largest 

compared with H2, N2 and CH4. This variation in the ratio 

of specific heats has a significant influence on the mass 

flow.  

Figure 5 show the relationships between Reynolds 
number and compressibility factor at nozzle throat. If the 

gas is assumed to be an ideal gas, the compressibility 

factor is 1.0 regardless of Reynolds number. As seen 

from this figure, compressibility factor for real gas is 1.0 

in low Reynolds number. However, in high Reynolds 

number, compressibility factor for N2, CH4 and CO2 

decrease with an increase of Reynolds number. For H2, 

compressibility factor increases with Reynolds number. 

Figure 6 shows relationships between mass flowrate 

of real gas at nozzle throat and pressure ratio for H2 in the 

range from Reth = 613 to 1,153,961. Solid line indicates 
the mass flow rate obtained by one-dimensional theory. 

As seen from this figure, in the range from Reth = 613 to 

200,509, the mass flow rate increases with an increase of 

Reynolds number for each pressure ratio. However, in 

the range from Reth=384,650 to 1,153,961, the mass flow 

rate decreases with an increase of Reynolds number for 

each pressure ratio. 

 

 
 

Fig 1. Boundary condition 

 

Table 1: Reynolds number for without vibration and 

with vibration 
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4. CONCLUSIONS 
A computational study has been made to investigate 

the flow features of air through the critical nozzle. In 

order to simulate the real gas effects which appear at 

high-pressure conditions, Redlich-Kwong equation of 

state has been employed for H2, N2, CH4 and CO2, and 

incorporated into the axisymmetric, compressible 

Navier–Stokes equations. The results obtained are as 
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Fig 2. Relationships between Reynolds number and discharge coefficient 

 

 
 

Fig 3. Mass fluxes at nozzle throat 
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follows : The coefficient of discharge of real gas at 

nozzle throat decreased with an increase of Reynolds 

number. Mass fluxes of real gas became small compared 

with ideal gas with an increase of Reynolds number. In 

high Reynolds number, the thermodynamics properties 

of real gas, such as the compressibility factor and the 

ratio of specific heats changed compared with ideal gas. 

Vibration energy of CO2 affected strongly the discharge 

coefficient and the ratio of specific heats compared with 

those of H2, N2 and CH4. In high Reynolds number, 

non-dimensional mass flow rate decreased with an 

increase of Reynolds number. 
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Fig 4. Relationships between Reynolds number and ratio of specific heats at nozzle throat 
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6. NOMENCLATURE 
 

Symbol Meaning Unit 

A Cross-section area (m2) 

Cd Discharge coefficient (-) 

Cv 
Specific heat at constant 

volume 
(J/kg·K) 

D 
Diameter of the critical 

nozzle throat 
(m) 

E, F Inviscid flux vectors (-) 

Et 
Total energy per unit 

volume 
(J/m3) 

H1 
Source term for 

axsimmetry 
(-) 

H2 Source term for Turbulence (-) 

p Pressure (Pa) 

pb Back pressure (Pa) 

R Radius of the critical nozzle (m) 

R, S Viscous flux vectors (-) 

Re Reynolds number (m) 

T Temperature (K) 

t Time (s) 

U Conservative vector (-) 

u, v Velocity components (m/s) 

v Specific volume (m3/kg) 
x, y Cartesian coordinates (m) 

Z Compressibility factor (-) 

Greeks 

γ Ratio of specific heats (-) 

 Thermal conductivity (W/m·K) 

 Density (kg/m3) 

t Mass flow rate (-) 

 Shear stress (Pa) 

 Angle of attack (°) 

Subscripts 

0 Stagnation point  

c Critical point  

t Critical nozzle throat  

th theory  
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